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DIFFERENTIATION THEOREM FOR GAUSSIAN MEASURES
ON HILBERT SPACE

JAROSLAV TISER

ABSTRACT. It is shown that the differentiation theorem is valid in infinitely

dimensional Hilbert space with certain Gaussian measures. The proof uses

result from harmonic analysis concerning the behavior of Hardy-Littlewood

maximal operator in highly dimensional space.

1. Introduction. In this paper we will study the problem of differentiation of

integrals in infinitely dimensional space. The classical result, based on the Besico-

vitch Covering Theorem, says that

lim —-t-r / fdu — f(x)    z^-a.e.
r^ouB(x,r)JB{Xtr)J

whenever u is a Borel locally finite measure on Rn, f E £i,ioc(^) and B(x,r) is the

ball with the center at x and radius r > 0.

An important case of the infinitely dimensional version of the differentiation

theorem is represented by Hilbert space and Gaussian measure. We ask whether

the equality above holds for some class of Gaussian measures and / from a given

function space Lp. The first results concerning this problem belong to D. Preiss

[1, 2, 3]. He showed that Vitali Covering Theorem did not hold in general and he

constructed a Gaussian measure p together with an integrable function / such that

lim inf < ——- / / du; x E H, 0 < r < s> = +oo.
3-0       [fiB(x,r)JB{Xir) J

There is also result in a positive direction [4] saying that the differentiation theorem

holds for some class of Gaussian measures and all integrable functions provided that

we change convergence a.e. to convergence in measure.

Besides covering theorems there is another important tool that enables us to

deduce the differentiation theorem—Hardy-Littlewood maximal operator:

Mf(x) = sup * [        |/| dX-
r>0-^nB(X,r) JB(x,r)

The basic fact concerning the behavior of the maximal operator in highly dimen-

sional space is
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THEOREM (STEIN AND STROMBERG [5]). From eachp > 1 there is a constant

Cp > 0 such that \\Mf\\Lp < Gp||/||Lp for all f E Lp(Rn) and all n G TV.

A maximal operator M is called of strong type (p,p) if ||M/||ip < GP)n||/||i

for all / G Lp(Rn). The theorem says that the Hardy-Littlewood maximal operator

is of strong type (p,p) uniformly with respect to dimension n.

Before formulating the main result we recall some basic notions concerning Gaus-

sian measures.

A Borel probability p on the real line is said to be a centred Gaussian measure

if there exists a > 0 such that the density of p with respect to Lebesgue measure is

(a/2ir)1/2 exp(—at2/2). The case a = 1 is called the standard Gaussian measure.

A radon probability p on Hilbert space H is said to be a (centred) Gaussian measure

if its image F(p) is a (centred) Gaussian measure on R for every F E H* \ {0}. In

the sequel, all Gaussian measures are assumed to be centred.

THEOREM. Let H be a Hilbert space and let p be a Gaussian measure with the

following spectral representation of its covariance operator:

Rx = y^Cj(x, e,)ej

where (ei) is an orthonormal system in H. Suppose Ci+y < Cii~a for given a > 5/2.

Then

linr\,,n(n. r\ / \f-f(x)\dn = 0   p-a.e.
r^o pB(x,r) JB(xs)

for all f E Lp(p) and p > 1.

2. Auxiliary lemmas and proof of the theorem. We will use the following

representation of Gaussian measure p on Hilbert space H. Without loss of gener-

ality we may assume that the support of p is all of H; hence H is separable. Form

a new Hilbert space

l2(c) = j(zt) ERN;^2ciX2 < +ooj

where c = (c;) is a given sequence of positive reals. The space l2(c) possesses norm

|||z||| = C^ZciX2)1^2. Consider further a countable product 7 of one-dimensional

standard Gaussian measures. It is well known that H is isometrically isomorphic

to /2(c) by means of a map J and I(p) = -7 iff (ci) are eigenvalues of the covariance

operator of the measure p. Since the covariance operator of Gaussian measure is

always nuclear the sequence (c,) is summable.

Finally, we give some notation:

un denotes the product of n standard one-dimensional Gaussian measures. In

case n = 1 the index is omitted. B(x, r) denotes the ball with center at x and

radius r. When we wish to distinguish the dimension of the ball involved we write

B„(x,r).
Ekf denotes the conditional expectation of a function / defined in (/2(c), 7) with

respect to the a-algebra of Borel subsets consisting of the sets depending only on

the first fc coordinates.

The following chain of lemmas will prepare the proof of the theorem. The first

two assertions contain an adaptation of the maximal operator to our situation.
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LEMMA   1.   Let <pT: [0,+00) —► [0,+00), r > 0, be a family of nonincreasing

absolutely continuous functions such that fQ   <£>r(£)£n_1 di < +00.   Put for f E

Ly(Rn)

trM - mn f\f(y)\M\\x-y\\)d3n(y)
*n*)-w     f MM)<LSn{y)    ■

Then Tf(x) < Mf(x) for all xERn.

PROOF. Assume z = 0 and / > 0. Since

/•OO

tpr(t) = - tp'r(s)x[0,s}(t) ds
Jo

application of Fubini's Theorem reveals

/   f(y)<pr(\\v\\)d&n(v) = - [°°<P'T(8) [        f (y) dSn(y) ds
JRn JO JB(0,s)

< -Mf(0) r <p'r(s) j        cL¥>n(y) ds
Jo Jb(0,s)

= Mf(o)f tpr(\\y\\)d^n(y).
JRn

Hence T/(0) < Mf(0).    □
Let

sm = su? ̂    t       f      1/1 dx ® v.
r>0-Zn®vBn+y(X,r) JBn+1(x,r)

LEMMA  2.  For given p > 1 there is Cp > 0 so that ||S/||i,p(.2^®£/) ^ Gp ■

\\f\\Lp'jen®v) for all f E Lp(5?n ® v) and all nEN.

PROOF. Let us denote by My, resp. M2, the maximal operator corresponding

to J2?n, resp. v; i.e.

My h(xy )= SUp -=3-5-1-\/ \h\dSfn, Xy G Rn,   h E Ly(J%i),
r>0 -£n£>n\Xy,r) JBn(x,,r)

M2g(x2) = sup ——;-r \g\dv,        x2ER, gELy(v).
r>0 vBy (X2,r) JBl<x2,r)

Let z = (xy, x2) E Rn x R and / G Lp(5Cn <g> v), f > 0. Now

f f<LZn®V=j [ f(t,u)dv(u)<L5?n(t)
JBn + 1(x,r) JBn(xi,r) J B, (*2,(r*-||t-Sl W2)1'2)

< f (M2ft)(x2)uBy(x2,(r2-\\t-xy\\2)1/2)cLSn(t)
JBn{x,,r)

where ft = f(t, ■). The functions tpr(r) = vBy(x2, (r2 — t2)1^2) satisfy the assump-

tions of Lemma 1. Therefore we can continue

< My((M2ft)(x2))(Xy)  f uBy(x2,(r2-\[t-Xy\[2)1l2)<L2n(t)
JB„(xur)

= My((M2ft)(x2))(xy)S?n®vBn+y(x,r).
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We see that Sf(x) < My((M2ft)(x2))(xy). The theorem of Stein and Stromberg

yields

[\Myh\\Lp<C'p\\h\[Lp

with Cp independent on dimension. Also

\[M2g[\Lp(u)<C';[\g\[Lp{u).

(Notice that this case is purely one-dimensional.) Now we estimate

I (SfYd&nQvK   (    l     M^((M2ft)(x2))(xy)(LSfn(xy)du(x2)
J Rn+1 •* R •* Rn

<C'pp [  f   (M2ftf(x2)dSn(t)du(x2)
JrJr„

= C*  [      [ (M3ft)»(X2) dv(x2) d3n(t)
Jr„ Jr

< C'*C'»  f      f  P(t, U) du(u) d&nit)
Jr„ Jr

= WHPMW   D

Suppose now we are given a sequence (cj) of positive numbers, Cj J. 0. By ||| • |]]„

we denote the "elliptic" norm in Rn'.

IIMII„=[5>*?J   .

All balls that will be considered in the sequel are balls with respect to this elliptic

norm. Note also that the conclusion of Lemma 2 is true for ellipsoids instead of

balls. The symbol || • ||n is reserved for the Euclidean norm.

LEMMA 3. Let f E Li,i0c(-2?, <8>v), z = (zy,z2) E Rn x R with [\zx[\n > 1 and

letO < r < y/c^/\\zy\\n.  Then

i(2*)-»/V"«»"i/a  / [f\d3n®V<l |/|^n+l
0 JBn+,{z,r) JBn+l{z,r)

<5(27r)-"/2e-ll^ll"/2 f |/|iS£®i/.
JBn+1{z,r)

PROOF. It is evidently sufficient to prove

Ie-ll*illS/a < e-\WWln < 5c-ll*llS/a
5 — —

provided that u E Bn(zy,r). To this end, suppose u E Bn(zy,r) C {z G Rn',

||z-zi||n < r/y/t'n'}. Since r < y/cn~/\\zy\\n we see that | ||w||„- ||zi||„ | < l/||*i||„.

A short calculation reveals the desired inequalities.    □

If we restrict the radii in the definition of maximal operator 5 that the supre-

mum is taken over we can also get uniformly strong type (p, p) with respect to the

dimension. Define

Snf(x) = sup J *--.--f |/|i2£®i/;0<r<*/^l

where / G Lyt\oc(^fn ® v) and 0 > 1.
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LEMMA 4. Let Q = {x E Rn+y; 1 < Y,?=i A ^ n"}- Then f°r eacfl P> 1 there
is Cp > 0 such that

I (Snf)Pdvn+y<Cp  f \f\Pdvn + l
JQ JRn+l

for all f E Lp(i/n+y) and all n E N.

PROOF. Let p > 1, z E n and / > 0. Since the supremum in the definition of

Snf is over 0 < r < \Jcn/ne we have

Sn/(z)e-|WI"/2p < bSn(fe-^/2")(z).

Hence

/ (Snf)P dUn+y = (27T)-"/2   [ (Snf)Pe-^'2 <LZn®V
Jn Jn

= (2tt)-"/2 / ((Snf)e-^/2")pdS?n®v
Jn

<5p(2tt)-"/2 f Sl(fe-^'2P)<L2n®v.
Jn

Clearly Snf < Sf. Thus Lemma 2 asserts that the last term is smaller than

6p(2tt)-"/2 /       (fe-Ux^2p)pd£n®v = Cp f       fp dvn+y.    □
J Rn+\ J Rn+1

Now we can proceed to the infinite dimensional case. Recalling the representation

of Gaussian measure on Hilbert space we have the space /2(c) generated by some

summable sequence (ci) of positive numbers and we measure the ^-product of one-

dimensional standard Gaussian measures. Lemma 5 contains the estimates which

are consequences of Chebyshev's inequality. That is also why we use terminology

from probability.

The sequence (c^ is supposed to satisfy

(D) Ct+y<Cl-ra, Q>|.

LEMMA 5.   Let z El2{c). Choose 6 > 1, /? > ± such that 1 + 6 + 0 < a.
Put

£* = r^fec2+2£c^2)
^>kc* \t>k     i>k   j

and consider the following sets:

Hk(z)= |zG/2(c); ^c^-ztf-J^^l + z?)  <£*£>['
( i>k i>k i>k      J

Qk = I x E l2(c);^Clx2 < £> + k0 [2J2C1\      '
( i>k i>k \   i>k     /

^c2z2<^c2 + fc^2^cA      ,l<X:z2<(fc-l)e,|zfc|<V^l
i>k i>k \   i>k     J z=l
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and Pm — Dfc>m Qk-  Then ^Hk(z) > \ and

lQk>I~ const(l/fc2fl-1 + 1/k20).

Consequently, lim^Pm = 1.

PROOF. Since

f°° e-'2/2 _,      const    T2/2
/     —==^dt< -e~T I2,        r-++oo

Jr \/27r T

we see that

7{zG/2(c);|zfc|<yfc}>l-^e-fe/2.

Put now

Xy = ^2ci(xt- Zi)2,   x2 = ^2ax2,
i>k i>k

i>k i=l

The first three functions can be viewed as the random variables on (/2(c), 7) and

the last one as the random variable on (Rk-y,i>k-y). Since the expectations and

variances are

£X1=2>(1 + *?),        a2=2^c2 + 4^c2,2,

%>k i>k i>k

EX2 = J2ct, <r2=2£>2,
i>k i>k

%>k i>k

EX4 = k-l, cr| = 2(fc-l),

application of Chebyshev's inequality leads to the desired conclusions.    D

Condition (D) gives also the following (very rough) estimates:

Ec?<^+1(i + 2Q1_1(fc_11)Q_1)!

E^^4+i(i + 4a1_1(fc_11)Q_1).

Combining these estimates together with (D) we get that for given z E Pk

5^Ci(l + ek+y + z2) < const k0ck+y < const fc-«+i+f>+^_£fc_

i>k

In what follows, the number fc will always be assumed large enough to satisfy

5Zc<(1 + e*+i+^)<-rgT
i>k

for all z E Pk. We shall also use a convention that all constants involved have the

same symbol 6.



DIFFERENTIATION THEOREM FOR GAUSSIAN MEASURES 661

LEMMA 6.   Let z E Pk, ck/ke < r2 < ck-y/(k - l)e and f E Ly(i).

Denote by z the projection of z onto the first k coordinates.  There is a C > 0

such that

(a) &k_y®vB(z,r) < C&k-y®vB(z,r(l - 1/fc)).

(b) iB(z, r) > 6(27r)-(fe-1)/2e-lli^->/2^_1 ® vB(z, r).

(c) 1B(z,r)<C1B(z,r(l-l/k)).

(d) -s^r—J        \f\dl<C J f        Ek[f[dS?k-y®v
lB{z,r) JB(z,r) 2k-y®vB(z,r) JB(z,r)

for all k (sufficiently large by convention).

PROOF, (a) Put f = r(l - 1/fc). Then

^_x®i/B(i,r)

= ^l(Bfc_1(0,l))-^£\l-n2)(-)/2exp{4(. + -^)2}d,

<6^_1(5,_1(0,l))-^=|^(l-n2)(fc-1)/2

\l( fu \2\ ( rzku      r2u2\

Because —rzku/k^/ck — r2u2/kck < \ we can write

<6^_1(Sfc_1(0,l))-^|^V-"2)(fc-1)/2exp|i(zfc + -^y|dn

= C3k-y®i/B(z,r(l-l/k)).

(b) Fubini's theorem says

lB(z, r)=  f ukBk \z, ( r2 - V Cl(xt - Zi)2 ) dT
J{-el2(c);j:i>kc,(x,-z,)2<r2} \      \ l>k J        J

HxEHk+1(z) then

^Ct(zt-2i)2 < Sk+y^Cl + ^Ci(l + Z2) < t-t^-t < p

i>k i>k i>k

We can infer from this

lB(z,r) > j fc+]     vkB (z,r (l - -M j d1 > \ ■ ukB(z,r(l - \))

> C(2Tr)-^-1^2e-^k'i'22'k-y®vB(z,r(l - I).)

where the last inequality follows from Lemma 3. Combining it with (a) we get the

desired conclusion.

(c) We see from (b) that

!B(z,r(l - i)) > G(27r)-^-1'/2e-llillk-,/2^_1 ® uB(z,r(l - j-)).
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Further, | ||z||k_i - ||z||k-i| < r/s/ck~y~ for z G Bk(z,r). Thus

HMU-i - ||z|U-il < l/||i|U-i

and this implies

e-IM.l2-i/a < 5e-H*ll»-i/a.

Hence

lB(z,r) < iykBk(z,r)

= v\u; ck(u - zk)2 <r2 -Y] Ci(xy - z{)2 \
JBk-,(z,r)       { £l J

x (27r)-(fe-1)/2e-llIll*-1/2d=Sfc_1

< G(27r)-(fc-1)/2e-Hi^-'/2^_1 ®vB(z,r).

So we have
1B(z,r) S?k-y®vB(z,r)

lB(z, r(l - 1/fc)) -     ^fc_i ® vB(z, r(l - 1/fc))

and using (a) we complete the proof.

(d) Let 7Ti, resp. 7T2, be the projection of /2(c) onto Rk, resp. Rk. Then

/ \f\di< / |/(zi, z2)| d7r27(z2)d7ri7(zi)
JB(z,r) J-K,B(z,r) Jn2B{z,r)

= [ Ek[f[duk.
JBk(z,r)

Since r2 < ck-y/(k - l)e < ck-y/\\z\[k_1 we can infer considering Lemma 3

f Ek\f\ dvk < 0(27r)-(fc-1>/2e-H-lH-x/2 f Ek[f\ (LSf^y ® v.
JBk(z,r) JBk(z,r)

Using (b) the proof is finished.    □

We will focus now our attention on the certain weak type of covering theorem

that forms a basic step in the proof of the differentiation theorem.

PROPOSITION.   Let q > 1 and E c P2*: C /2(c). Let a number

2,11    [    °2m C2m-y      \

x      ^     (2m)«'(2m-l)V
m>k

be assigned to each point x E E.   Then there is a constant Cq (depending only on

q) and a countable system (Si) C {B(x,rx);x E E} such that

(i) 7*£<G,7US,
(ii) /(EXS( -XusJ9d7< q.

PROOF. Form the partition (Ej) of the set E

Ej = {xEE;r2xE [c2j/(2j)e,c2j-y/(2j - l)6)},        j > fc.

The strategy of selecting is as follows:
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Begin with the first nonzero set Ekl and put Sy = B(xy,rXl) for arbitrary

zi G Ekl. Suppose that 5? denotes the family of all already chosen sets. In the

next step we take the set S with center in Ekl such that

(1) / f E Xs J       d1 < ±7S.

If there is no such set S this part of the process is finished. During each step

the measure of the union of already chosen sets strictly increases. It follows that

we can make at most countably many steps. After passing through this first part

we have a countable family (Sj), i G IV Now change the radii rj = ^diamSj to

fi = rj(l + 1/fci) and denote by (Vj), i G IV this new family of sets. To continue

look at the first nonzero set of type Ek \ \Ji€r Vj, fc > fci. If there is no such set

the whole selecting process is finished. In the opposite case take that set Ekj and

proceed in similar way:

Choose B(x, rx) with arbitrary z G Ek2 \Ujgr ^ an(^ nex^ the se*s w^n centers

in Ek2 \Uier ^ sucn ^at (1) ^s satisfied. Family (Sj), i G r2, chosen in the above

fashion is modified then again to the family (Vj), i G IV by setting

diam Vj = (1 + l/fc2) diam Sj,        iGT2-

Finally, we have a countable system (Si), i E U^li ^j — T. If S G {Sj;i G T}

denote for a moment Ts C T the set of all indices belonging to the sets which were

chosen sooner than S. Then

t(sn [J sA <frs<1(s\ [J sA.

Consequently,

(2) 2>Ss<27USj.
ier ier

Also

J  ( E Xs, + Xs ~ XuiersSiUS j   d-y = /     ^ Xs, - Xu,erss. J   d'y

<  /      E XS< - Xu,ersS,       d1 + q I   ( E XS, ) dr
J   Vers / Js \i€rs      /

It follows that

/ ( Exs, - Xu,ers, )    d1 < | J^lS, < qi |J St< q.
J   Vter / ier ier
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It remains to prove (i). To this end, let us estimate i*(Ekj \(JiV;i G (jw<j Tw}).

If z G Ekj \ U{V; i G \Jw<j ?«,} then

4U4^/B(l,r)(^XS)        "^l

where /2fcy = [c2kJ/(^kj)e,c2ki-y/(2kj - l)e). Considering Lemma 6(d) we get

sup    -^-——=—:-r / E2k Exs d^fc    i ®v>C.
r2£I2kj32k,-l®vB2kj(x,r)JB2kjM \y^        J J

So

-n^uj^'6 Ur4

< V2k, I z E R2kj; 1 < IMl2fc,-i < (2fcy - if  and

/    //     y_1A\
S2k,-i    E2kj       Exs (z)>C -

V     \ST*   J    JJ        J

f (  (i   y1]]
<CQ S2k,-1      E™3       \Y,^S\ dl/2k>

J{z€R2*i;i<i\*i\'3%.„l<(2ki-i)»)       y     yyrj   j   j^

where 1/p + 1/q = 1. We apply Lemma 4 to continue

-CqL2k ^M \^xs)   dv2ki

(\ (<?-i)p

Y,Xs\ duW'Uv2ki
r,      J

=c«/(|>) *,

where t/(2fc>) is a projection of the measure 7 onto R2k ■  Since the sets (Jier ■%

are disjoint for different j we can add the estimates to get

1-(£\UW;'er}) <£>• U*, \(J j^'e U r» |

<c,/(i>.)^.



DIFFERENTIATION THEOREM FOR GAUSSIAN MEASURES 665

But from (ii) we infer

[(Y.^)   d7<C,nfU5<-
J   \ier      / ier

Finally, in view of Lemma 6(c) (with a slightly different form of the assertion

7-B(x,r(l + 1/fc)) < C~fB(x,r)) and (2)

i U vi * E^ ^ c^Si < c1 jj Si.
ier ier ier ier

Together

~t*E <1*([E\ \J{V,;i eT})+i\JVi< 6,7 IJ5-

PROOF OF THEOREM. Represent the space (H,p) in the form (/2(c), 7) where

c = (cj) are eigenvalues of covariance operator of measure p. Suppose, by contra-

diction, that there is a p > 1 and f E Lp such that

7* <zG/2(c); limsup—-r / \f - f(x)\ d7 > A \ >0
^ r_o    lB(x,r) JB(x,r) J

for some A > 0. Let (Pk) be the family of sets defined in Lemma 5. Put

7 I    I °2rn c2m-l      \ , I    I C2m + y C2m    \

' rdk ^2m)9 ' (2m - ^V ' rdk ^2m + V ^ / '

Since 7Pfc —► 1 there is a fc G N such that at least one from the sets

izGP2k;limsup / [f-f(x)\d1>\\
[ r2€J,    1B(X,r) JB(x,r) J

and

IxE P2k; limsup       *        / \f-f(x)[d1>\\
[ r2€J2    lB(x,r) 7B(x,r) J

has positive outer measure. Suppose it is true for the first one (the other case

is quite analogous). Since the system {B(x,r);x E l2(c),r > 0} differentiates all

continuous functions we may assume ||/||lp < V for given n > 0. Now

JzGP2k;limsup      j        f        |/-/(z)|d7>Al
{ r^eJ,   lB(x,r) JB{x<r) J

C lzG/2(c);/(z) > -luizGP2k;limsup---r- / |/|d7> -\ .
I 2 J      { r2ej,   lB(x,r) JB(xr) 2 J

The measure of the first set is plainly majorized

7{z;/(z)>A/2}<(2n/A)P.

As the second one, we can assign to each point z from this set a number r2 E Jy

such that

7B^)/a(^)l/|d7>I-
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According to the proposition with q = p/(p — 1) there is a sequence of sets, (Sj) =

(B(xi,rXi)), satisfying

7*|zGP2k;limsup    J        f        \f\d1>^\<CqT1Sl
{ r2<EJ,   lB(x,r) JB(xr) 2 J "*-"

and

/ (Exs, -XusJ   di<q.

Using this and Holder's inequality we can estimate

7*{zGP2k;limsup-—t—t/" [f - f(x)\dl> x\ <(1}X + CqYdlSi
( r^€Ji   lB(x,r) JB,xr) J        \A/ *-"

< (y)P + ̂ /l/lExs,^7< (^)P + c^||/||Lp||Exs,lk

<(5)P+C^(l + ||Exs,-XuS,lk)<(f)P + 6,(l + ̂ )^.

This leads to a contradiction, provided n is sufficiently small.    □
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